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Abstract

There are multiple formulas to help provide three integers which satisfy the Pythagorean
Theorem, a? + b? = ¢?. The simplest formula of a = x? — y2, b = 2xy, and ¢ = x? + y? is
easy to use but does not provide all triples that satisfy the Pythagorean Theorem. Fortunately,
there are other formulas which can be used to find all Pythagorean triples. The Height-Excess
Enumeration Theorem provides a formula for calculating all Pythagorean triples, while Wade-
Wade and the Fibonacci sequence provide recursive formulas for calculating Pythagorean triples.
This paper will concentrate on proving the Height-Excess Enumeration Theorem and provide the

formulas for the two recursive formulas.
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The Height-Excess Enumeration Theorem provides a formula for calculating a
Pythagorean triple based on two chosen values called h and k. The formula is derived from
breaking side a of the right triangle into two parts: the height and the excess. The height of side
a is calculated by subtracting b from c. Thus, h = ¢ — b. The excess of side a is the length
leftover from subtracting h from a. The excess of the right triangle is where the value of k comes
into play. The value d is called the increment. Figure 1 gives a geometric representation of the

right triangle used to create the theorem.

a —<<

b

Figure 1. Right triangle broken into a height and excess.

Height-Excess Enumeration Theorem. To a positive integer h, written as pg? with p square-

2pq ifpisodd

P if p is even' As one takes all pairs (h, k)

free and q positive, associate the number d = {

(dk)?

(dk)?
2h 2

, h+dk + —) produces each

of positive integers, the formula P(h, k) = (h + dk, dk + -

Pythagorean triple exactly once.
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Let us start with checking the formula to see it supports the Pythagorean Theorem.
Squaring each part of the formula gives a? = (h + dk)? = h? + 2hdk + d*k?,

(dk)?
2h

2 2
bzz(dk+(dk)2) = q2g? 4 8K L 8 andczz(h+dk+ ) = h? + d2k? +

2h h 4h2’

+

d*k* 33 . . .
oo T 2hdk + d?k? + + %. Each term in ¢? appears in either a? or b? with no excess or

missing terms. Thus, the formula holds true for the Pythagorean Theorem.

To prove the theorem, the following lemma is required to establish properties of the

increment, d.

Lemma. Let h be a positive integer with associated increment d. Then 2h|d?. If D is any

positive integer for which 2h|D?, then d|D.

Proof:

. Prove 2h|d?. Case 1-Suppose p is even. By definition d = pq. Then d? = p?q? =

2pq? (g) = 2h (g) Thus 2h|d? because g is an integer since p is even. Case 2-Suppose p is
odd. By definition d = 2pq. Then d? = 4p?q? = 2pq?(2p) = 2h(2p). Thus 2h|d? because 2p
is an integer since p is an integer. Therefore, 2h|d?.

. Prove if 2h|D?, then d|D. Suppose 2h|D?. By The Fundamental Theorem of Arithmetic

let D =d;" - d,',p=p1 Pm,and q> = @ - qa ", where d}f, pp,, and ;™ are distinct

prime factors respectively. By the definition of divide D? = 2hk, for some integer k. Then

dfrl djr" =2p1 " Pm " qftl q,zlt" - k. Each q; must equal a d; such that 2t; < 27, then t; <

r;. Thus, q|D and D = gk, for some integer k;. Then D? = 2pq®k and D? = q?k{, which gives

2pq*k = q*k?. Then 2pk = k? and k? is even. Let k; = s;* -+ s, where s,," are distinct

prime factors. Then 2p; - pp k = 512 M. szvuw and each p; must equal one of the s;. Thus p|k,
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and k; = pk, for some integer k,. Case 1- Suppose p is even, then d = pq. By substitution D =
qk, = q ' pk, = pq - k, = dk,. Thus, d|D. Case 2-Suppose p is odd, then d = 2pq. Since k? is
even, then k; is even. Thus, 2|k; which gives 2|k{ and 2 is one of the s;. Then 2p|k, and k; =
2pk, for some integer k,. By substitution D = qk; = q - 2pk, = 2pq * k, = dk,. Thus, d|D.

With this lemma we can prove the Height-Excess Enumeration Theorem.

Proof: Let (a, b, ¢) be a Pythagorean triple, then a? + b? = c>. Leth=c—band e =
a—h=a—(c—b) =a+ b —c. This gives three equations which can be used to solve for a,
b, and c in terms of h and e. First h + e = (¢ — b) + (a + b — ¢), which simplifiesto a = h +

e. Then a? = ¢? — b? gives (h + e¢)? = (¢ — b)(c + b), which gives h? + 2he + e? = h(c + b)

eZ
through multiplication and substitution. Thus {C tb=h+2e+ 'n. By elimination method

c—b=nh

2 2
2c¢ = 2h + 2e + <, which simplifies to ¢ = h + e + . By substitution e = (h + €) + b —
h p 2h y

2 2
(Zh + 2e + %) Then solving for b gives b = e + ;—h Start with substituting the values for a, b,

andcintoZ(c—a)(c—b).ThenZ(c—a)(c—b)=2<h+e+§—(h+e)>(h+e+§—

2 2
(e + :_h)> =2 :_h -h =e? Thuse? = 2(c —a) - h = 2h - (¢ — a). Since a and c are integers,

¢ — a is an integer and 2h|e?. Then d|e by the previous lemma, which gives e = dk for some

(dk)?
2h

integer k. Therefore (a,b,c) = P(h, k) = (h +dk, dk + Ch+dk+ (dk)z).

2h
This theorem also has an extension which gives the conditions for a primitive
Pythagorean triple and a Pythagorean triangle. A primitive Pythagorean triple is a triple that

cannot be reduced to a smaller triple, thus GCD(a, b, ¢) is equal to 1. A Pythagorean triangle is a

triple in which a < b.
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Theorem. The primitive Pythagorean triples occur exactly when GCD(h, k) = 1 and either h =
q? with g odd, or h = 2q*. The Pythagorean triangles occur exactly when k > g\/i .

Proof:
o primitive Pythagorean triples.

Case 1-Let (a, b, ¢) be a primitive triple. Suppose r is a prime dividing ¢ — a and ¢ — b.
Then r divides (¢ — a)? + (¢ — b)? = ¢? — 2ac + a? + ¢? — 2bc + b? = 2¢? — 2ac — 2bc +
c? = 3c¢? — 2ac — 2bc = ¢(3c — 2a — 2b). Thus either r|c or |3¢ — 2a — 2b. If r|c, then
contradiction since (a, b, ¢) is a primitive triple. If r|3¢c — 2a — 2b, then r|c since 3¢ — 2a —
2b=2c—2a+c—2b+c—c=2(c—a)+2c—2b+c=2(c—a)+2(c—b)+c. This

gives a contradiction again and ¢ — a and ¢ — b are relatively prime. By substitution c — a =

Bt dk+ 95— (ot dk) =9 and ¢ — b = b+ dk o+ 9 — (ak+9S) <
2h 2h 2h 2h
Case a-Suppose p is odd, then d = 2pq. Thus c — a = @07 _ @pal)” 2pk? and ¢ —

2h 2pq?
b = h = pq®. Since GCD(c —a,c — b) = 1,thenp = 1, h = ¢%, and GCD(2k?, ¢?) = 1. Since
2k? is even, g2 must be odd to be relatively prime. Thus g is odd and GCD(h, k) = 1.

2 2
W _ pal) _Py2ande—b =
2h 2pq? 2

Case b-Suppose p is even, then d = pq. Thus c —a =

h = pq?. Since GCD(c — a,c —b) = 1,thenp = 2, h = 2¢?, and GCD(k?, 2¢%) = 1. Thus
GCD(h, k) = 1.
Case 2.A-Let GCD(h.k) = 1 and h = q% with q odd. Thus p = 1 and d = 2q. Then a =

(dk)?
2h

(2kq)?
quz = 2kq + 2k? =

h+ dk = q* + 2kq = q(q + 2k) and b = dk + = 2kq +

2k(q + k). Let r be a prime sch that r|a and r|b. Since q and q + 2k are odd, then a is odd and

r must be odd. Then r|q(q + 2k) and r|2k(q + k).
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Case a-Suppose r|q and r|2k. Since r is odd, r|k. Thus r|h and r|k, which is a
contradiction.

Case b- Suppose r|q and r|q + k. Then r|k. Thus r|h and r|k, which is a contradiction.

Case c-Suppose r|q + 2k and r|2k. Then r|q and r|k since r is odd and cannot divide 2.
Thus r|h and r|k, which is a contradiction.

Case d- Suppose r|q + 2k and r|q + k. Then r|q and r|k since r is odd and cannot
divide 2. Thus r|h and r|k, which is a contradiction. Therefore (a, b, ¢) is primitive.

Case 2.B- Let GCD(h.k) = 1 and h = 2g?. Thenp = 2 andd = 2q. Thusa = h +

dk = 2q* + 2kq = 2q(q + k) and b = dk +

(ak)? (2kq)* _ 2 _
- = 2kq + e 2kq + k* = k(2q + k).

Let r be a prime such that r|a and r|b. Since h is even, k is odd. Then 2q + k is odd which lead
to b is odd. Thus, r is odd and cannot equal 2. Then similarly to the cases above r|h and r|k,
which is a contradiction. Therefore (a, b, ¢) is primitive

o Pythagorean triangles.

(dk)?

Leta < b. Then h + dk < dk + ”

(dk)?
2h

>h<
= 2h? < d?k?
2h?
= k?> r
h
>k> E\/E
The last two formulas give a recursive method of calculating Pythagorean triples. The

first formula was developed by P.W. Wade and W.R. Wade. Their recursion is based on the

Height-Excess Enumeration formula and uses the same values of h and k; (Ag4+1, P41, Cks1) =
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2 2
(ak +d, %ak + by, + z—h, %ak + ¢ + Z—h) The second recursion formula was given by

Horadam and starts with a generalized Fibonacci sequence; let 7 and s be positive integers and
H, =7,H, =s,and H,, = H,_; + H,_,. Then the triples (2H2,, + 2H,H,,,,, H2 + 2H, H, 1,

H2 + 2H,H,,,, + 2H?,,) are Pythagorean triples with a even.
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